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' Abstract. Two proofs are provided that the narrow ideal class group of squared ideals of a 

quadratic number field is isomorphic to the kernel of a homomorphism between cohomology 
00 , groups for Pell conies, Lemmermeyer's obstruction to descent for Pell conies. These proofs 

make use of a particular subgroup of a Pell conic over algebraic numbers. 

H' 

Let E be an elliptic curve. The Tate-Shafarevich group for E(Q) measures how difficult it 
may be to find a rational point of E using the process of descent, see 13, IB]- This group is 



> 
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1. Introduction 



defined in terms of the kernel of a homomorphism between cohomology groups 

(1) UI(E/Q)=ker(H 1 (G,E(Q))^ U H\G, E(Q p ))) . 

pG primes 

Non-trivial elements of V1(E/Q) correspond to principal homogeneous spaces for E over Q 
which have a p-adic point for every prime p, but no rational point. We will define the Tate- 
Shafarevich group for Pell conies, LH('P/Z), in a similar way to Eqn. (Q]) and show that our 
definition is consistent with Lemmermeyer's result [§] that TLL(P/1*) ~ Cl + (Q(v / A)) 2 , the 
narrow class group of binary quadratic forms Q of discriminant A, for which Q = Q' -Q' where 
• is composition of forms. 

By the Hasse-Minkowski theorem, see [13], for a quadratic polynomial 

f(x, y) = a 2a x 2 + anxy + a 02 y 2 + a 10 x + a iy + a 00 

^ ! with rational coefficients, there exists a rational solution to 

(2) f(x,y) = 0, 

if and only if there exists a real solution to Eqn. J2]) and a solution in the field of p-adic numbers 
Q p for every prime p. This provides a means of deciding whether the binary quadratic form 

(3) Q'(t,u) = A't 2 + Btu + Cu 2 

represents 1 in rational numbers, and finding such a point is generally easy. After defining 
abelian groups on the rational, algebraic and p-adic points of the conic C : Q'(t, u) = 1, with 
Q' as in Eqn. ([3]), it can be shown that the Hasse-Minkowski theorem implies that 

ker(V(G,i;(Q))-^ J] H\G,E(Q p ))] 

p£ primes 
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(5) 



is always trivial, however it says nothing about whether, given there exists a rational point 
q = (t,u) satisfying 

(4) Q'(t,u) = l, 

there exists an integer representation of 1 by Q' , Eqn. ((3|). 

Let A be the fundamental discriminant of a quadratic number field K = Q(VA). This 
means that 

d = 1 + 4m if d = 1 (mod 4) 
4d = 4m ifd=2,3 (mod 4) 

where d is a square-free integer. We let 6 € {0, 1} be defined by 

(6) A = 6 + 4nj. 

Pell conies [1, 0, 0] are affine curves of genus given by either of the equation^] 

(7) V : x 2 + 6xy - rqy 2 = 1, 

(8) C : X 2 - AY 2 = 4. 

For the purposes of this article it is more appropriate to consider Pell conies in the form V due 
to the necessity to use binary quadratic forms. It is convenient to introduce the matrix 

o) \, (;,:'^). 

Incidentally, Pell conies may be expressed as V : det(Ny) = 1. The points of a Pell conic, 
defined over various rings and fields, form an abelian group with the binary operation EH for V 
given by 

(10) 3>i EH ? 2 = Ny 2 ?i = {x\x 2 + njyi2/2, 2:12/2 + x 2 y\ + 6yiy 2 ), 

(11) Ti B y 2 = N^Ti = (xix 2 + 6xiy 2 - TQy 1 y 2l x 2 yi - xiy 2 ) , 

We use B to denote subtraction. The identity of V is the point = (1,0). 

Non-trivial elements of the Tate-Shafarevich group for Pell conies, HI('P/Z), are described 
by particular conies, Eqn. (j4]) which have rational but no rational integer solutions. If V is 
a Pell conic of discriminant A and Q' is a binary quadratic form of discriminant A, then an 
integral solution to Eqn. Q provides, through unimodular substitution, an integral point of 
V , otherwise this kind of solution to 'P(Z) is obstructed. 

The relationship between the principal binary quadratic form 

(12) Q {x,y) : x 2 + 6xy - my 2 , 

of fundamental discriminant A, and the binary quadratic form Q'(t, u), Eqn. J3]), of the same 
discriminant B 2 — AA'C via automorphs is known. If A > 0, there are infinitely many pairs of 
rational integers (x, y) satisfying Qo(x, y) = 1. Any such pair provides an automorph of Q'(i, u). 
Recall that this means that an integer point 7 = (x, y) of the Pell conic V : Qo{x, y) = 1 yields 
a matrix 

and the replacement ( * ) M- My( * ) does not affect the coefficients of Q' . 

= Q {x,y)Q'(t,u) = Q'{t,u). 



Completing the square transforms Eqn. JJJ into Eqn. JgJ. 
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Let 

(14) S Q' = (? 

The change of variables J H- Sq'(^ transforms Q f (t,u) into the principal form Qo(x,y) 
Q' 

(15) Qo(*,2/) = Q'(s >(*)), 

(16) = Qo(s Q , 1 (*)). 

If ^4' is a square, A' = A 2 , then Sq< € Sl2(Q) and the substitutions of Eqn.s lfT6|) and (fT5)l provide 
a relationship between rational representations of n by Q' and rational representations of n by 
the principal form Q ■ By transport of the structure of V (Q) , via the map (x, y) H> ( x ~P y , Ay) , 
the set of rational points of the conic 

(17) Q(t, u) = A 2 t 2 + (2(3 + 6)tu + Qo{ ^ l) u 2 = l 

becomes an abelian group with identity o = (^,0). The middle coefficient B of a binary 
quadratic form of fundamental discriminant A = 4nj + 6 may always be expressed with B = 
2/3 + 6, with j3 € Z, and since Q is a binary quadratic form of fundamental discriminant A, the 
leading coefficient A 2 of Q divides Qo{/3, 1). The only specialization in Eqn. fTTj) is that the 
coefficient of t 2 is a square. Let 

J 2 be the set of all binary quadratic forms of discriminant A with leading coefficient a square, 

Eqn. (H3), and < (3 < A 2 . 
We will focus our attention on the binary quadratic forms Q £ 5 2 . With respect to a form 
Q £ 5 2 , we define Lq^, while My and Sq>, Eqn.s (fT3)) . (fM)) become 

(18) L Q , g - (A*t+V+6)u pt+apfH, 



(19) My = 

(20) S Q = 



A 2 y x + (l3+6)y 



i_ -P 

A A 

A 



This article is concerned with the correspondence, Eqn.s lfT5|) and (fT6| . between algebraic 
integer points q = (t,u) satisfying Eqn. ifTTl) ranging over any form (A 2 ,B, C) of fundamental 
discriminant A, and the group of points of the Pell conic V over algebraic numbers. This has 
been motivated by the desire to justify defining the Tate-Shafarevich group for Pell conies as 
the kernel of a homomorphism between cohomology groups: ff 1 (G, V(Z)) — > i? 1 (G, V(Q)). 
Lemmermeyer 0] has shown that binary quadratic forms of discriminant A may be considered 
as torsors T : At 2 + Btu + Cu 2 = 1 for Qo(x, y) = 1, where the addition map for the principal 
homogeneous space is defined by automorphs of binary quadratic forms. The torsors which 
have rational but no integer points are the torsors correspondingto non-trivial elements of the 
Tate-Shafarevich group ni('P/Z) for Pell conies. Lemmermeyer [9(] has proved that IH('P/Z) ~ 
Cl + (-£sT) 2 . Consideration of elliptic curves indicates that IH('P /Z) may have a cohomological 
definition. We will give two proofs of the isomorphism 



Cr(KY ~ ker(iP(G,-P(Z)) -> H (G,V{ 

and thereby justify the cohomological definition of the Tate-Shafarevich group UI(V/Z) for Pell 
conies. The first proof uses the approach of taking Galois cohomology on a short exact sequence 
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of GgyQ-modules, while the second proof offers insight on the addition and subtraction maps 
of a principal homogeneous space but applies a tedious calculation. 

Schmid [l3| studied the group structure of points of the Pell equation C : x 2 — dy 2 = 1 
defined over the ring of integers Ok of a given number field K, with d <E Ok, by looking at the 
injective map C(Ok) — > Oxiy/d], sending (x, y) to x + y\[d. If K = Q, the algebraic closure of 
Q, and d € Z, it is a clear consequence of Schmid's results that C(Z), over all algebraic integers, 
is not a finitely generated group. 

A surjective homomorphism was given in [j| from the group of primitive integer points of a 
Pell surface <S„ : Qa(B, C) = A n , again with A = 6 + 4m a fundamental discriminant, onto the 
n-torsion subgroup of the narrow ideal class group C\ + (K)[n], of the quadratic number field 
K = Q(\/A). A primitive integer point (A,B,C) € 5„(Z) satisfies 

(21) gcd(A,C7) = l = gcd(A,A). 

When n = 2, a point (A,B,C) € 5 2 (Z) corresponds to a primitive rational point of V. Of 
course all rational points ^=fj £ V(Q) may be written to satisfy Eqn. ([2~T]) . 

Soleng [I3| considered 'primitive points' of the elliptic curve E : y 2 = x 3 + a 2 x 2 + a^x + a 6 , 
with a,2, a4,a6 G Z, where the point (jji, G E(Q) with gcd(A, C) = gcd(£?,C) = 1 belongs 
to the subgroup E(Q) pTim if gcd(^4, 2B, A 2 + a-iAC 2 + a 4 C 4 ) = 1. Soleng showed that there is 
a homomorphism mapping i?(Q) pr i m to the ideal class group of Qiy/as). 

We would like to define what it means for an algebraic point of a Pell conic to be 'primitive'. 
Once this has been defined we will demonstrate that the primitive algebraic points form a 
subgroup ^((QOprim of V(Q), and there is a surjective homomorphism from this subgroup onto 
the narrow ideal class group of squared ideals G\ + {K) 2 of a quadratic number field K = Q(\/A). 
In fact we will show that there is an exact sequence 

i > P(Q)eP(Z) > P(Q) P rim ► Cl+(/i) 2 ► 1. 

The denominator of the algebraic number a € Q, denoted den(a), was defined in [l| to be the 
least positive rational integer such that den(a)a is an algebraic integer. We use Nq^(a) for 

the norm of a G Q, the product of the roots of the minimum polynomial of a. For the ring of 
all algebraic integers we use Z. 

Definition 1.1. Define "P(Q) pr i m to be the set of all (x, y) € V(Q), letting A = den(y), such 
that 

• Ax is an algebraic integer, 

• gcd(A 2 N m (y), A 2 ) = 1 = gcd(A, A), 

• letting a be the least positive integer satisfying a = (A 2 N-^^(y))~ 1 (mod A 2 ), 

f aA 2 N m (y)2 if y £ 
\ if y = 

is a rational integer. 

2. ?(Q) PR ,M IS A SUBGROUP OF T>(Q) 

We can show that there is an equivalent definition of primitive algebraic point of a Pell conic 
and we will use this equivalence to show that 7 ? (Q) pr i m . is a subgroup of V(Q). 

Lemma 2.1. Let aeQ, Then den(a) = den{N-^ , (a)/a). 
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Proof. In we also have the definition of the denominator of a polynomial / G Z[x], denoted 
den(/), which is the least positive integer for which den(/)a is an algebraic integer for all zeros 
a of /. We find in [l| the identity den(a) = den(/) whenever / is the minimum polynomial of 
a over Z. Since a and N^ /l0 (a)/a share a minimum polynomial, the result follows. □ 



Before we prove the equality of two definitions of the primitive subgroup, let us first remark 
that if is an algebraic integer then so is den(y)a;. 

Lemma 2.2. Let (x, y) G V(Q) and A = den{y). There exists a rational integer b satisfying 

A 2 | Q (M), and 

s-bt 
A 

if and only if (x,y) G V(Q) prim . 



x hy is an algebraic integer 



Proof. First assume that (x,y) G V(Q) pi i m . Let a be as in Definition 11.11 a-2 = -j^yl — 
aA 2 Nq^(jj) \ , and b = aA 2 N^^(y)^ is a rational integer. Then x ~^ v = a-^Ax G Z. Since 
A (x + (b + 6)y) G Z, we have the algebraic integer 

A(x + (b + 6)j/)^=^ = 1 - Q (b, l)y 2 

so that Qo(b,l)y 2 G Z. It follows that A 2 \ Q (b,l). Conversely we assume there exists 
a rational integer satisfying Q (b,l) = (mod A 2 ) and is an algebraic integer. Then 

clearly Ax G Z. Let p = X ~J^ V . Observe that 

(22) A 2 p 2 + (2b + 6)p(Ay) + ^^(Ay) 2 = 1. 
Multiplying Eqn. {22]) by A Njk 'f y) G Z, we obtain 

(23) A 2 p 2 A^fl + (2 &+ 6)K^% Q (y)) +^ 2 % Q (y)^(^) = A^M. 
Let p be a prime divisor of gcd(A 2 • Nq /n(y), A 2 ). Then dividing Eqn. 1(23]) by p, it fol- 



lows that i^4— 2^— G Z, contradicting A = den(y) = den(N^q(y)/y) . Therefore gcd(A 2 • 
N^ /0 (y), A 2 ) = 1. We find that A 2 \ Q (b,l) implies that gcd(A, A) = 1: Let p be a prime 



divisor of both A and gcd(A, A). Then p 2 \ (2b + 6) 2 - A, but since p | A, p 2 | (26+ 6) 2 so that 
p 2 | A, a contradiction unless p = 2. In this event, we have 6 = so that 4 | b 2 — m. There are 
no solutions to the congruence b 2 = nj (mod 4) when rrj = 2 or 3 (mod 4), which are the only 
possibilities for A = 4m since A is fundamental. □ 

For a primitive algebraic point 7 = (x, y) G "P(Q) pr j m , there exist unique integers A = den(y) 
and /3, the least non-negative integer satisfying j3 = b (mod A 2 ) where b is as in Definition II .1) 
which we will refer to as the denominator and ratio of the point 7, respectively. We will refer 
to T = x ~P y as the quotient of the point 7, where A is the denominator and f3 is the ratio, and 
U = Ay as the numerator of the point 7. We reserve the symbols T and U for the quotient and 
numerator of a point 7 G 7 7 (Q) pr im- From here on, the symbols B, (3 + , /3f 2 , and /3 X will always 
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refer to 

B = 2/3 + 6, 

Pl2 = Pi- ft, 

since /3 + , and /3 X will often appear in composition of binary quadratic forms. We will 
occasionally require a ft, in which case and refer to /3\ — ft, and /?2 — ft. 

Lemma l2~2l shows that "P(Q) pr i m is the set of all points 7 G "P(Q) which came from algebraic 
integer points q — (i, u) of some arbitrary binary quadratic form of fundamental discriminant 
A, with leading coefficient an integer square, A 2 as in Eqn. lfT7j) . and with A 2 > b > 0, under 
the map 



(24) <p- 1 -(t)^SQ 1 



with TVq as in Eqn. lj20"|) . The definition of 'P(Q)prim indicates, given 7 G 7 , (Q) pr im, which 
binary quadratic form the point 7 came from. 

The quotient T is equal to the i-coordinate of ip(7) where 7 = (x, y) G "P(Q) pr i m , 

(25) ->S Q (S) = (*) > 

and the ^4 and /3 appearing in the matrix Nq are the denominator and ratio of the point 7. 
Observe that if x, y, z are positive integers, the greatest common divisor satisfies 

(26) gcd(x,y) 2 = gcd(z 2 ,y 2 ), 

(27) gcd(x,y,z) 2 = gcd(a; 2 , y 2 , z 2 ). 

Lemma 2.3. Let 7\,7-2 G V(Q) prim with respective denominators A\,Ai and ratios ft, ft. 
Let e = gcd(A\,Al,P^) and e = gcd(A 1 , A 2 , ft+) . Then e = e 2 . 

Proof. By Lemma [221 for j = 1, 2, A 2 \ Q (ft, 1), and since e 2 | A\ and e 2 | A\, 

P + Pi2 = Qo(ft, 1) - Q0W2, 1) = (mod e 2 ). 

Therefore e 2 | f3 + /3^ 2 . To show that gcd(/3-j^,e) = 1, let p be a prime divisor of /3f 2 an d e. 
Then j3 + = (mod p) and = (mod p), which implies that B\ = (modp), but since 
Bj—A= (mod A 2 ), we have p | A contradicting gcd( A, A\) = 1. Therefore e 2 | f3 + . It follows 
that e 2 I e. By Eqn. ((271), we have gcd(A 2 , A 2 , (/3+) 2 ) = e 2 . Since e | gcd(A 2 , A 2 , {f3+) 2 ) = e 2 , 
the result follows. □ 

Again let u) = . For each primitive point 7 G V(Q) VT i m , with denominator A and ratio 

/3, we may attach ideals o! y and aj> of the ring of integers Z[w] of Q)(\/~A), and binary quadratic 
forms Q'y and Qg> of discriminant A as follows 

(28) a' y = (A,j3 + oj), 

(29) ay = {A 2 ,p + u), 

(30) Q(p = (A,2f3 + 6,Q ((3,l)/A), 

(31) = (^ 2 ,2/3 + 6,Q (/3,l)M 2 ). 

If 7\, 72, 7\ EH 72 G 7 : '(Q)prim with associated forms Qo^, Qip 2 , and Qj^bcPj, then the latter 
form is equivalent under unimodular substitution to the composed form Qy 1 ■ Qy 2 . We use 
composition of forms to show that "P(Q) pr im is closed under EB, the group law for Pell conies. 
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We point out that </?(CP) = (t,u), with ip as in Eqn. |2"5]l . is an algebraic integer point of the 
conic Qj>{t, u) = 1. 

The following theorem expresses, as will be demonstrated in Section 4.2, that the set of 
all algebraic integer points of all conies Q{t,u) — 1 where Q is a binary quadratic form of 
fundamental discriminant A, has leading coefficient an integer square A 2 , Eqn. lfl~7|). and 
A 2 > f3 > 0, forms a group with identity = (1,0) and is isomorphic to a subgroup of V(Q). 

Theorem 2.4. V(Q) pnm is a subgroup of V(Q) with respect to the group law ifTOj) for Pell 
conies. 

Proof. We will demonstrate: Let CPi = (xi, yx), CP2 = (#2,2/2) € '^'(Q)prim- Let A\ and A2 be 
the denominators of the points CPi and CP 2 respectively and let ft and ft be the ratios of CPi 
and CP 2 respectively. Let CP 3 - {x 3 ,y 3 ) = CPi ffl CP 2 , e 2 = gcd(A 2 , A 2 , /3+), A 3 = ^#2, 7, fc,£ 

be any rational integers satisfying A\j + A\k + f3 + l = e 2 , and 63 = 4fftj + -jrftfc + ^3-^. 
Then, letting ft be the least non-negative integer satisfying ft = 63 (mod A 2 ), X3 ~P' sV3 is an 
algebraic integer, A3 = den (2/3), and A3 | Qo(&3, 1). In other words we use the coefficients A3 
and 2ft + 6 of a binary quadratic form in the class of the composed form Qy 1 ■ Qy 2 to provide 
a denominator and ratio for the point CP3 = CPi EE CP 2 • 

Let T.1, and T2 be the quotients, Ui and U2 be the numerators of CPi and CP 2 respectively. 

Let 71 = Qoi ^' 1] and 72 = Qo( f 2 2 ' 1) . The identities 

A 2 A 2 8+ 

A 3 y 3 = ^-Ti€2 + ^T 2 €i + ^€iU2, 

£,£ 



^3 - hi/3 



Axxx^ij + A 2 x 2 r V 1 k + /3+TiT 2 ^ + T 2 Ui(7i^ - faj) + Till 2 (72<? - ftfc) - UiU 2 (72 j + 71*0, 



^3 

Qo(6 3 ,l) = A§(A? 72 i 2 + (2/3 x +5/3+ - A)jfc + J B l7 2^ + J 42 7l fc 2 + J B 2 7i^ + 7i72^), 

show that A37/3 and X3 ~^ V3 are algebraic integers, den(?/3) | A3, and A 2 | Qo(ftA)- Now 
observe that 

X -±^l . denQ*) • (x 3 + (ft + 6)y 3 ) = ^M(l - Qo(ft, Dvl) 

As A3 

If p is a prime divisor of ggj-fen then we have the algebraic integer 

-(1 - Qo(ft, l)vl) = -(1 - rp 2 (den(y 3 )) 2 2/3 2 ) where r e Z, 

1 2 
= rp(den(y 3 )) j/ 2 . 

Since rp(den(j/3)) 2 y| e Z, J £ Z, a contradiction. Therefore A3 | den(ys) and we must have 
A 3 = den(y 3 ). 

We have shown that A3 and ft are the denominator and ratio of CP3. Therefore "P(Q) pr i m is 
closed under EH. By definition, (1, 0) € V(Q) piim . Clearly V(Q) plim C P(Q). It remains to check 
that if CP e "P(Q) P rim then the inverse -CP also belongs to P(Q) prim . Let CP = (x,y) € "P(Q) prim 
with A = den(y). Clearly A = den(— y). If /3 is the ratio of CP, it is easy to verify that A 2 — j3 — 6 
is the ratio of —CP. □ 

Example 2.5. Consider the Pell conic V : x 2 + xy - 57y 2 = 1 and CP = (^, ~ 2 ^ 1 ) 6?(Q). 
Now A = den(y) = 15, A 2 A^ /Q (y) = 4 and a = 4" 1 = 169 (mod 225), so b = -1014, a rational 
integer. The ratio of CP is /3 = 111. We may consider CP to have come from an algebraic integer 

point of 225i 2 + 223tu + 55u 2 = 1. This point is ( w tt ) ^ ^ 
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Surjective homomorphisms. The maps sending the point 7 to classes of the ideals and 
forms given by Eqn.s (|28|) . |29|) . (|30l) . and (|3Tj) are homomorphisms. Reflection on the following 
theorem of Birch 0] will be helpful in showing that some of these maps are surjective. 

Theorem 2.6 (Birch). Let K be a number field "with integers Ok- If the polynomial f(T, U) = 
>>,// <'•••'. with G Ok, is homogeneous and the ay are coprime, then there exist units 
t,u e Ol satisfying f{t,u) — 1 where L is an extension of K . 

Specifically we will use the following corollary. 

Corollary 2.7. Let Q = (A, B, C) be a primitive binary quadratic form of fundamental dis- 
criminant A. There exist units t,u of the ring of integers Ol of some algebraic extension L of 
Q such that Q(t, u) = 1. 

For each binary quadratic form Q = (A, B, C) of fundamental discriminant A = 6 + 4m 
there exists a unique integer j3 such that Q — (A, 2/3 + 6, Qo(ft, 1)M)- The corresponding ideal 
of the ring of integers Ok of the field K = Q(^/A), under the known isomorphism between 
classes of forms and narrow ideal classes, is o = (A, ft + uj) where {A, (3 + uj} is an integral basis 
for a and uj = . We refer to Lenstra 11] for the following compositions and group T . 



Let T be the set of all classes [Q]r of binary quadratic forms Q of discriminant A equivalent 
under unimodular substitution with ( o l ) an< ^ ^ £ 2. The set of all such matrices forms a 
subgroup of SL2(Z) with matrix multiplication and is isomorphic to the additive group Z. The 
usual narrow class group of forms places two forms in the same class if they are equivalent 
under unimodular substitution with a general element of SL2(Z). It is convenient to use T 
since we will later define a group based on individual forms in J ' . 

Remark 2.8. Letting B x = 2fii + 6 and B 2 = 2/3 2 + 6, the forms Qi = (A 1 ,B 1 ,C 1 ), and 
Q 2 = {A 2 , B 2l C 2 ) are in the same class of F if and only if 

Ai = A 2 , 

(3 1 = /3 2 (mod A x ). 

The set J 7 is a group with respect to the binary operation 

(32) [Qib • [Qab = [Qi • Q2]r = [Q 3 ]r, 
where Q 3 = (A 3 , 2f3 3 + 6, Q Q (f3 3 , l)/A 3 ), and 

(33) e = gcd(A l7 A 2 ,/3 + ), 

(34) A 3 = (A.A^/e 2 , 

(35) p 3 = ^fcj + ^lfrk+^e 

e e e 

and j, k, I are any rational integers satisfying 

(36) Aij + A 2 k + /?+ i = e. 

If Q = (A, 2/3 + 6, Q (/3, 1) /A) and we wish to determine [Q]? ■ [Q]f, we have A% = A 2 = A, 
Pi = (3 2 and Eqn. (03J) becomes e = gcd(A, A, 2/3 + 6) = 1, Eqn. (03]) becomes A 3 = A 2 , and 
letting w = j + k, Eqn. (|36|) becomes Aw + (2/3 + 6)£ = 1 so that 

/3 3 = Af3w + {p 2 + iq)£, 

= f3 — /3(2/3 + 6)£ + (j3 2 + nj)£, 
= p-£Q (p,l), 
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and 



[Q]t ■ [Q]t = 



A 2 , 2/3 + 6 



ker(ff 1 (G,P(Z)) -> H 1 (G, V(Q))) 

2 Qo(/?,l) 2 



2M^M,> (/3 ' 1) 



If A 2 | Q (A 1) then [Q]jr ■ [Q]^ = p 2 , 2/3 + 6, Q (/3, 1)/A 2 )]^. 

Definition 2.9. Define T 2 to be the subgroup of T consisting of classes of forms in [(A 2 , 2/3 + 
6, Qo((3, \)/A 2 )]jr where A and /3 are any integers satisfying A 2 | Qo(fi, 1). 

Before moving on it is important to illustrate the group law on the infinite class group T 2 . 
Assume we wish to compose the binary quadratic forms 

Qi = (A 2 ,2/3 1 + 6,Qo(/?i,l)M 2 ), 

Q 2 = (Al2p 2 + 6,Q (p 2 ,l)/A 2 2 ) 

in T 2 . To do so, we first compute 

e = gcd(A 2 , A 2 , (3+) = e 2 = gcd(A u A 2: (3+) 2 

and the Bezout numbers j, k, I satisfying A\j + A\k + /3 + £ = e 2 . Next compute A 2 = A\A 2 /e A . 
Finally, 

A 2 A 2 /3 X 

ih = -ifaj + -iPik + ^e, 

e e z e 

which may be reduced modulo A 2 . A representative of the class of Q\ ■ Q 2 in J- 2 is the binary 
quadratic form 

Q 3 = (A 2 ,2/3 3 + 6,Q (/3 3 ,l)/A 2 ). 
The inverse of [(A 2 , 2/3 + 6, 7)]^ is [(A 2 , -2(3 - 6, 7)]^, and the identity is [Q ]t- 
As usual let C1 + (A) 2 denote the subgroup of the narrow class group of binary quadratic forms 
Q of fundamental discriminant A consisting of classes [Q']a ■ [Q']a where [Q']a & C1 + (A). 

Theorem 2.10. Let A be the denominator and /3 the ratio of the point 7 £ V(Q) p „ m . The map 
given by 7 M> is a homomorphism. There is a commutative diagram of exact sequences 

of groups 

1 1 1 



1 ► v(z) > p(Q)e?(z) ► v( 



-> 1 



1 ► T(Z) > V(Q) pnm 

> Ct(K) 2 



-> T 2 



-> 1 



1 > 1 



1 1 
where the maps are given by : 7 n- [Qy\j^, <fi : 
(A,P + lj), tt: [(A,f3 + u) 2 ] K ^ [(A 2 ,2/3 + 6, 7 )] a . 



-> a + (A) 2 



-> 1 



b H' [Q]a, : (x,y) 1 ^ [a 2 ] K 



Proof. Clearly 0(7) € T 2 and the form is uniquely determined by CP so_0 is well defined. The 
proof that is a homomorphism follows directly from the proof that V(ff) V nn\. is closed under 
EH. We exhibited A3, /3 3 , respectively the denominator and ratio of the point CP 3 = 7\ EH CP2, 
using composition of forms. It will follow that is a homomorphism. 
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o(yi)-e(y 2 ) = [Q Vl ]r-[Q^] T 

= [Qy^jr by Eqn. (J32j and proof of Lemma |2~H 

= o(y 3 ) 

To show that 9 is surjective let [Q]j? = [(A 2 1 2/3 + 6,7)] <E T 2 and let t, u be algebraic in- 
tegers satisfying Q(t,u) = 1, which exist by Corollary 12.71 Then Sq 1 ^,*^ G 'P(Q) P rim and 

The map ir is known to be an isomorphism, <f> is clearly a surjective homomorphism and it 
is simple to see that 4>9 = ttXk so that Xk is a surjective homomorphism. 

We now consider the kernels of the maps 9, Xk, 4>> an d tt. If CPi = (#1,2/1) € 'P(Q) with 
denominator A\ and quotient Ti, then Qy^T^Ui) = 1, where Ti,Aiyi G Z, meaning that 
Q^i € [Qo]a- If CP 2 € V(1i) then the denominator of CP2 is equal to 1 so that Qy 2 G [Qo]a- 
Since 7tA_r- is a homomorphism, 7tA_r- (CPi ffl CP2) € [Qo]a- It follows that V(Q)®V(Z) Q ker ttXk ■ 
Conversely assume that CP = (x, y) G ker 7tAa'- Let A be the denominator and /3 the ratio of 
CP. Since CP G ker ttXk, there exist rational integers t, u satisfying Qy{t,u) = 1, from which 

we obtain the rational point (^-^^,3) = (f , §) G P(Q) with denominator A, ratio /3 
and inverse ( Md z £ ,=r)- Observe that G Z implies that ^+ 6 ^~™ G Z so that by 

multiplying by C, we see that ( B+6C ) x + T ov( 91 g 2. Similarly multiplying x ~J ly by C shows 
that *(-c)+(b+6C)v+6v(-c) e z. Therefore we have shown that CP - (f , f ) G V(Z) so that 
ker 7rAif C V(Q) © 'P(Z) and the result follows since ker ttXk = ker Xk- 

ker 9 = {CP G 7>(Q) prim : [Qy]^ = [QoM, 

where A and /3 are respectively the denominator and ratio of the point CP. Clearly the only 
possibility is that A — 1 and (3 = 0. It follows that (x,y) G 'P(Z). The kernel-cokernel exact 
sequence gives the exact sequence 

1 ► V(Z) ► -P(Q)©CP(Z) ► kercj) ► 1 

since 9 is surjective. The only possibility is that ker <p ~ V(Q). □ 

The map given by CP ^ [QCp]j^ is not surjective in general. 

3. Bilinear transformations 

Each class of binary quadratic forms [(A 2 , 2b + 6, Qo(b, l)/A 2 )]jr of T 2 has a unique repre- 
sentative form (A 2 ,2/3 + 6, Qo(/3, 1)/ A 2 ), where /3 is the least non-negative integer satisfying 
P = b (mod A 2 ). We will use J 2 to refer to this set of representative forms of T 2 and note that 
since there is a bijection between T 2 and $ 2 , we also have the same group structure on the set 
$ 2 . Now we consider the collection of all algebraic integer points of all conies Q(t, u) = 1 where 
Q G # 2 , and observe that Gauss' bilinear transformation is a group operation on this collection 
of points. We define 

6 = (J j(*,u) G Z x Z I Q(i, u) = 1 j. 

Theorem 3.1. Lei CP = (x,y) G V(Q) pr i m with denominator A, ratio (3, quotient T, and 
numerator U. Define a map ip : V(Q) pnm — > & by ip : CP H> (T, U) satisfying Qy(T,L3) = 1, 
(|25| . Tften (/? is bijective and & becomes an abelian group by transport of structure. 
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Proof. If M £ Z satisfy = 1 with Q as in Eqn. |17|, then Sg 1 ^) € P(Q) pr im 

and ^(Sq 1 ! „)] = (t, u). This shows that <p is surjective. Assume that 7\ = (aii, yi), CP2 = 



(a*, l/a) G P(Q) P rim and <p(?i) = ^(0> 2 ). Then den(yi) = den(y 2 ) = 4 and A = P 2 so 
SqJPi = SqJj and thus J 5 ! = 3V It follows that </s is injective. □ 

The group law on 6. Let t\,u\,t2,U2 be algebraic integers satisfying Qi(ii,Wi) = 1 = 
Qa(ia,W2), where Qi,Q 2 G # 2 so that (ti, lii), (*2, U2) € 6. We define a binary operation 
o : 6 x 6 -> 6 by 

(37) <p('J , i)otp(? 2 )=(p(V 1 m9a), 

where <p(7i) = and <^(CP 2 ) = $2,11,2). Letting Pi,fi 2 and ^3 be the ratios of Ti, T 2 and 

J 1 ! S3 CP 2 respectively and 

A = [a,b,c,d,e 2 ,f,g,h], 

It follows from Eqn. ([37]] that 

tA\A\t\ti +Afp 2 tiU2 +A|j9i*2Mi +/3 x mi«2 A\t\U2 +A%t2Ui +/3+u 1 u2\ 

= (e 2 iii2 + /tiM2 + 9*2Mi + huiU2,btiU2 + ct%u\ + duiU2) , 
= (*3,M3), 

where Q3 = (A3, 2/3 3 + 6, Qo(/?3, 1)/A§) is the composed form Qi 'Q2 under Gauss composition^, 

(*3, U3) = (e 2 tit 2 + ftiu 2 + gt 2 u\ + hu\U2, bt\u 2 + ct 2 ui + duiu 2 ) 
is a bilinear transformation where 

Q3(*3,"3) = Ql(ti,Ui)Q 2 (t 2 ,U 2 ). 

It is no coincidence that we use letters b, c, d^e^f, g, h in the description of the group law on &. 
There is a Bhargava cube involved. See @, [lfl, Q for composition of forms via Bhargava cubes. 

4. Galois cohomology of Pell conics 

Recall 0,0,0] that the 2-torsion subgroup of the Tate-Shafarevich group for Pell conics may 
be defined 

ffl(P/Z)[2] = ker^CP®)^ -> H^G^iQm}), 

and in 0,0] an equivalent definition of IH(P/Z) without cohomology groups was proved to be 
isomorphic to the 2-torsion subgroup of the narrow class group of squared ideal classes of the 
quadratic number field K, C\ + (K) 2 [2]. 

See l3, 15, HI for introductions to Galois cohomology. Let G = Gal(Q/Q) be the Galois 
group of extension Q/Q and let A be a G-module, meaning that G acts on the abelian group 
A such that the identity of G acts trivially on every a £ A, the action of er, t € G satisfy 
a (a 1 + a 2 ) = cr(ai) + <j(a 2 ) and r(a(a)) = (ra)(a). In addition to the usual definition of a 



^The author first started with S, inspired by Lemmermeyer's [13,01 description of Gauss' method of 
composing forms, known as bilinear transformation, and the relationship to Bhargava cubes @], and discovered 
P(Q)prim via the inverse map v -1 . 



12 



S. HAMBLETON 



homomorphism <f> between two abelian groups A and B, a homomorphism (j> : A — > B of 
G-modules A and B must satisfy 4>(a(a)) = a(<t>(a)). Recall the definitions 

H°(G,A) = {a G A | for all a G G,a(a) = a}, 

B 1 (G, A) = {/ : G ->• A | there exists a G A such that for all cr G G, /(cr) = cr(o) - a}, 
Z\G,A) = {f:G->A\f(Ta)=T(f(v))+f(j)}, 

hHc a\ z1{g > A) 

H{G ' A) - BH^AY 

We use the notations r{a) and a r interchangeably to mean the action of r G G on a G A. 

The action of G on J 72 is trivial: take any algebraic integer point q = (t, u) of the conic 
A 2 t 2 + Btu + Cu 2 = 1, by applying the action t G G to q we obtain another point of this conic, 
the binary quadratic form (A 2 ,B,C) is unchanged. The action of G on CP = (x,y) G V(Q) is 
defined as CP r = (x T ,y T ) for r G G. 

There is an exact sequence of G-modules 

(38) i > V (Z) ► P(Q) prim — e —> T 2 > 1. 

Proof. We have shown that the map 9 : V{Q) pi i m —> T 2 of Theorem 12.101 is a homomorphism 
of abelian groups. To show that 9 is a homomorphism of G-modules, we must check that Qy 
and QyT belong to the same class of J 72 . If CP = then this is trivial. Assume that CP ^ 0. By 
arguing along similar lines to the proof of Lemma[2j]observing that y and y T share a minimum 
polynomial, we have den(y) = den(y r ) and N^^fy) = N-Q^q(y T ) so that CP and CP r have the 
same denominator A. 

Let /3 be the ratio of CP G 7 , (Q) pr im- Then there exist algebraic integers t, u satisfying 
CP = { AH X pu , %) and Qy(t,u) = 1. It is clear that Qy{t r ,u T ) = 1 and CP r = (^1+^1,^) 
maps to Qy under 9. This shows that Qy and Qy^ belong to the same class of J 72 . □ 

Theorem 4.1. Let G = Gal(Q/Q). Then H (G,-p(Q) prim ) = V(Q) and H°(G, T 2 ) = T 2 . 

Proof. Let (x,y) G V(Q) P nm- If f° r an t G G, (x T ,y T ) — (x,y) then clearly x,y G Q so 
F°(G,P(Q) prim .) < V(Q). If (x,y) G V(Z) then (x,y) G For any other (x,y) G P(Q) we 

may put x = ^, y = § where A and C are relatively prime integers and thus B = (BC~ 1 )C 
(mod A 2 ) so that /? = BC" 1 (mod A 2 ) and (x,y) G 7>(Q) prim so P(Q) < if°(G,P(Q) prim ). 
The action of G on J-" 2 is trivial. Therefore J-" 2 is fixed by G. □ 

Theorem 4.2. There is an exact sequence 

(39) i > p(z) > p(Q) _<L^ ^2 (7/+(^) 2 ► 1 



Proof. By Theorem 12.101 n 4> is a surjective homomorphism. The kernel of ir<j) is the set of all 
[Q]r such that there exist rational integers t, u satisfying Q(t,u) = 1. Let be the restriction 
of 8 to V(Q). Then # : CP n- [Qy]^. Clearly 0(P(Q)) C ker(7T0). Conversely take any 
integers t, it satisfying Q(t, it) = 1 where Q G J 72 and apply cp" 1 (t, it) G 7 , (Q). This shows that 
ker(7r<^>) C 6{V(Q)). Now we must show that ker(9) = V(Z) If (x,y) G V(Z) then den(y) = 1, 
(i = 0, so 9 : (x,y) i-> [Qo]^- Conversely if (x,y) G ker(0) then : (x, y) H> [Qo]jf so that 
den(y) = 1 and /3 = so (x, y) G V(Z). □ 

Theorem 4.3. Let G = Gal(Q/Q). There is a group isomorphism 
(40) Cl + {K) 2 ~ ker{H 1 {G,V(^)) -> H\G,V 



PROOF OF C1+(Q(VA)) 2 ~ ker(-£f 1 (G, V{Z)) -y H 1 (G, V(Q))) 



Proof. Taking Galois cohomology on the exact sequence Eqn. l|38|). we have the exact sequence 
1 ► H°(G,V(Z)) ► H°(G,V(Q) plim ) ► H°(G,T 2 ) ► 



H\G,V(Z)) > H 1 (G,P(Q) priin ) > H 1 (G, T 2 

By Theorem 14.11 we obtain the exact sequence 

1 ► V{Z) > V(Q) > T 2 



H\G,V(Z)) > H 1 (G,P(Q) priin ) > H 1 (G, T 2 ) ► ... 

The homomorphism H 1 (G,V(Q) pT i m ) —> H 1 (G,V(Q)) is clearly injective and thus we have the 
short exact sequence 

(41) 1 - — > T 2 - -> ker{H\G,T(Z)) ^ H\G,T(®))) - 1- 
The result follows by comparing the exact sequences (|39| and (|4"Tj) . □ 

This completes one of our goals: 

Definition 4.4. The Tate-Shafarevich group for the Pell conic V over integers may be defined 

as 

(42) IH(TVZ) = ker(H 1 (G,P(Z)) -> fl'fG.PfQ))) 

5. Another proof using principal homogeneous spaces 

The group H 1 {G,T , {2,)) may be identified with principal homogeneous spaces for V over the 
integers, and H X (G, V(Q)) may be identified with principal homogeneous spaces for V over the 
rational numbers. We discuss the addition map ft defined by automorphs of the binary quadratic 
form Q. The observation that the pair (Q(t, u) = 1,/x) forms a principal homogeneous space 
for Pell conies V over integers and rational numbers is due to Lemmermeyer. 

Definition 5.1. A principal homogeneous space for the Pell conic V : Qo(x,y) = 1 over an 
abelian group A is a pair (T, fi) where T/A is a smooth curve and 

ft : T(A) xV{A)^ T(A) 

is a morphism defined over A satisfying 

(1) fi{q,0) = q. 

(2) fi{n{q,7 1 ),'S> 2 ) = n{q^ 1 m'S> 2 ). 

(3) For all qi, q 2 G T(M), there is a unique CP G V{A) such that fi{qi, CP) = q 2 . 

Definition 5.2. Fix a binary quadratic form Q = {A 2 ,B,C) G J 2 and let 7~(Z) = {t,u G Z | 
Q(t,u) = 1}. Define the maps 

(43) jU : T(Z) x P(Z) -)■ T(Z), CP) = Myg, 

(44) v:T{Z)xT(Z)^V(Z), u(q 2 , qi) = L QAl q 2 . 

Lemma 5.3. The pair (T : Q(t,u) = is a principal homogeneous space for the Pell conic 
V over both integers and over rational numbers, -where Q = (A 2 , B,C) G # 2 and /i is as in Eqn. 

(23). 

We find an analogous result to the following lemma in 
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Lemma 5.4. Let 7, 7\,7 2 G V(Q) 

prim where the points IPi — (xi,yi) and r 7 2 — (%2,y2) have 
the same denominator and ratio. Let o = (^,0) satisfy Qj>(\,0) = 1 , and let q-y = 
and q 2 = (£251*2) satisfy Q(ti,ui) = 1 = Q(t2,U2) for some Q in a class of F 2 . Then 

(1) ijl(o,9) = <p(?), 

(2) i/^.^i^^B?!, 

(3) v{q2,qx) = V -\q2)n V - x { qi ). 

Proof. It is a simple matter to evaluate Eqn.s (f43|) and (@4|). 

n(o,V) =MyO = S Q ? = <p{V). 
v{ip{7 2 ), ip{?i)) = u(S Q V2, SqTi) = Lq,s q Tj Sq?2 =N Pl J2=3' 2 B3>i. 

□ 

Theorem 5.5. L>e/m<@ a map £ : "P(Q) pr8m . -> H r {G,V{T)) by £ : ? i-> {/ : t i-> ^(g T ,g)}, 
where q = (t, w) is dry algebraic integer point satisfying Qy{t, u) = 1. There is an exact sequence 

1 ► P(Q)®"P(Z) ► P(Q) pr <m — ^— > H\G,Vt%)) H\G,V{Q) p „ m ). 

Proof. The proof involves expanding ffl T > 2 ) and ^^i) ■ ^^Pa) and comparing their coho- 
mology classes. Let D>i, 0* 2 G P(Q) P rimj ^3 = IPi EH ^2, and g 3 = (f 3 ,«3) = (<i,«x) (^2,^2) 
satisfy Qo> 3 (£3,1*3) = 1 over Z. Recall that 

6^ e 2 e 2 

*3 = e 2 tit 2 + -72^23*l u 2 + -^^Ml + -TTniP* ~ fofi + )uiU 2 , 

A\ A\ /3+ 

U3 = —z-hU2 H 5"*2Wl H 7TUiU2- 



^iffl^) = {/ 3 :r^K^,?3)}, 
= {/ 3 : t i-> L q3 qj}. 

f (3>i) ■ ^ = {/1 :r^K9i»?i)}-{/2 :rH>i/(gr >gi )} 
= {/i-/2:n-^z/(^,gi)ffli/(gj,g 2 )}, 

= {/1 • h T <-> L Qi,qiQi ffl L Q2^2qg}- 

We must compare the points /1 • / 2 (t) and / 3 (t). Let 

A = A\A\t x t2 + Alf3 2 tiu 2 + A\$ x t2U\ + /3 x Ul u 2 , 
3 = A\tiu 2 + A\t 2 u\ + (3 + uiu 2 . 



3 Lemmermeyer 0| does something similar in his book starting from a different set, from which the author 
got the idea. 



PROOF OF C1+(Q(VA)) 2 ~ ker(if 1 (G, -y if 1 (G, 7>(Q))) 

Using the identity CPi B CP 2 = N^CPg, we write /i • / 2 (r) 

(Alt 1 +p 1 u 1 +6u 1 )tl + (,3iti+7iui)ti[ n)(ii«j - t[tii) 

(tili^-t^Ul) 

/ 3 (r) = M^ + (& + 6)n 3 /M3+W)^ 



f f I \ I ^l'lTPlWlTOWl^lTVPlIli-Tl"!; 11 ! m^IlUj — \r T 

n-te\ T ) \ {tmi-tim) (A 2 1 t 1 +f} 1 u 1 )ti+{p 1 t 1 +m 1 + 11 u 1 )ui )^Q^%- 



A 3 t 3 +(/3 s +6)u 3 fe*3+73«3 

— «3 *3 



02 > 



= 2 A y 1 a 2 



P3 /p A+6E \\ 
^0 -B J J 



/(A+6H) 7f% H \ /^(A?tI+/3i«D ^|(^ 2 /32tI+/3 x «I)\ r 
h ■ / 2 (r). 



02) 



Therefore /r/2 and /3 belong to the same cohomology class of H 1 (G, "P(Z)) so that £(CPiEBCP2) = 
£(CPi) • ^ (CP2) and £ is a homomorphism. Now CP € ker £ if and only if Qj>(t, u) = 1 has an integer 
solution, if and only if CP € ker(7rA*r) = P(Q) ® V(Z). _ 

The homomorphism ip is given by ip : f ■ B X (G,V(7L)) n- / ■ B (G, 'P(Q)prim)- It remains 
to show that the image of £ is equal to the kernel of tp. Now £(?) = {/ : r M> ^(g 1 ",^)} 
where q is any g = (t, u) satisfying Qy{t,u) = 1 over Z. There exists a CP € 'P(Q)prim) namely 
CP = ip-\t,u), such that q = <p(9). So /(r) = ^(^(CP) T , <^(CP)). Since CP e P(Q) prim , 

/(r) = ^(CP T )^(CP))=CP T BT 

by Lemma IQ So / e B 1 (G,P{Q) VTim ). This shows that Im (£) < ker V- Conversely if 
P G P(Q) P rim, g : t 1— > CP T B CP E BH^.P^prim). There exist CP e 7>(Q) prim and q = (t,u) 
satisfying Qy{t,u) = 1 over Z such that CP = <p~ l {q), these CP and q exist because CP is an 
element of the image of Therefore 

g(r) = ip-^qV B <p-\q) = ip- 1 ^) B ^(q) = u{q T ,q), 

so that g(r) S Im (£). This completes the proof that Im (£) = ker ip. □ 

Again we obtain Cl + (if) 2 ~ kei(H\G, V(Z)) -> H^G^iQ))) as a consequence of Theorem 
15.5) as the result is compared with the exact sequence 

1 ► P(Q)®P(Z) > P(Q) pri m ► C1+(A) 2 ► 1, 



by Theorem I27T01 

We speculate that the map ( in the exact sequence 

1 ► C1 + (A) 2 — H 1 {G,V(T)) ► H l {G,V(®) 

is given by C : [Q]a ^ {/ : t h- ^((7 T ,g)}, where q = (i, w) is any algebraic integer point 
satisfying Q(t,u) = 1 and f is as in Eqn. ((44]) . 
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